Ž . F g s F g . 0 F Ž In this paper we discuss the irreducible characters of G the unipotent F w x. characters of G were described in B . We first prove that there exists a Ž . Jordan decomposition of characters this result is well-known for GЊ ; moreover, this decomposition commutes with Lusztig generalized induc-Ž Ž .. 
Ž . F g s F g . 0 F Ž In this paper we discuss the irreducible characters of G the unipotent F w x. characters of G were described in B . We first prove that there exists a Ž . Jordan decomposition of characters this result is well-known for GЊ ; moreover, this decomposition commutes with Lusztig generalized induc-Ž Ž .. F tion cf. 3.2.1 . We also prove that all the irreducible characters of G are Ž linear combinations of generalized Deligne᎐Lusztig characters this gener-w alizes the well-known result of G. Lusztig and B. Srinivasan LS, Theorem .x 3.2 about irreducible characters of the general linear group over a finite . field .
As an application of these results, we obtain new results about Shintani w x descent in the case of the general linear group. In S , Shintani proved that Ž . that this sign can always be chosen to be equal to 1 and get precise formulas for the corresponding extension. As a consequence, we obtain that the Shintani descent of this particular extension to G is an irree Ž . ducible character of G where e divides d . 
General Notation
Let ‫ކ‬ be an algebraic closure of a finite field. We denote by p its characteristic. We also fix a power q of p, and we denote by ‫ކ‬ the q subfield of ‫ކ‬ with q elements. All algebraic varieties and all algebraic Ž . groups will be considered over ‫.ކ‬ If H is an algebraic group over ‫ކ‬ , we will denote by HЊ its connected component containing 1. If H is endowed with an ‫ކ‬ -structure, we also define
.
Ž .

HЊ
Let l l be a prime number different from p. We denote by ‫ޑ‬ an l l algebraic closure of the l l-adic field ‫ޑ‬ . If G is a finite group, all l l representations and all characters of G will be considered over ‫ޑ‬ . For l l instance, a G-module is a ‫ޑ‬ G-module of finite dimension. We will l l denote by Irr G the set of irreducible characters of G.
If n is a positive integer, we denote by GL the group of invertible n matrices with coefficients in ‫,ކ‬ and if g g GL , we will denote by g Ž q. the n matrix obtained from g by raising all coefficients to the qth power. We will denote by T the split maximal torus of GL consisting of diagonal n n matrices and by B the rational Borel subgroup of GL consisting of upper n n triangular matrices.
The Problem
Let r be a positive integer and let d , . . . , d and n , . . . , n also be 1 r 1 r positive integers. Throughout this paper GЊ will denote the following connected reductive group:
We endow GЊ with the split Frobenius endomorphism
We will denote by T T and B T the maximal torus and the Borel subgroup 0 0 of G T , defined, respectively, by
The group ᑭ s ᑭ = иии = ᑭ acts on GЊ in the natural way. More
The elements of ᑭ induce automorphisms of G T , which stabilize T T and 0 T Ž w Ž .x. B , so they are quasi-semisimple cf. DM2, Definition 1.1 i . In fact, they 0 Ž w x w are all quasi-central cf. DM2, Definition-Theorem 1.15 and B, Lemma x. 7.1.1 .
We extend the Frobenius endomorphism F to G T i ᑭ by letting F 0 0 act trivially on ᑭ. We fix once and for all an element g ᑭ, and we denote by F the Frobenius endomorphism on G T i ᑭ given by
Thus we have
Problem. Parametrize the irreducible characters of G F .
For this purpose we can make the following hypothesis without loss of generality:
HYPOTHESIS. The Frobenius endomorphism F acts tri¨ially on GrG
T , that is, A is contained in the centralizer of in ᑭ. Consequently, 
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induce automorphisms ␣* of G TU . The group ᑭ* of automorphisms of G TU induced by ᑭ is isomorphic to the opposite group of ᑭ. We extend the action of F* to G TU i ᑭ U so that it acts on ᑭ* by conjugation by * y1 . We denote by G* the semidirect product G TU i A*, where A* is the image of A under the preceding anti-isomorphism. In particular,
T Ž if confusion is possible the G* -conjugacy class of s and by s or Ž .
or s is the set of irreducible characters of G occurring in some
The characters of the Lusztig series E E G , 1 are called unipotent; this w x w definition agrees with definitions given in DM2, Section 5 or B, Definix Ž w x . tion 6.4.1 cf. B, Lemma 6.4.2 .
The following lemma follows immediately from the definitions:
where s runs o¨er the set of G -classes of semisimple elements of G .
Moreo¨er, this union is disjoint.
Proof. The equality follows easily from the corresponding fact for G T F . Let us prove now that the union is disjoint. Let s and t be two semisimple elements of G UT F U and let ␥ be an irreducible character of 
Ž . Proof. a is a reformulation of Corollary 1.2.3, and b is an easy Ž . consequence of a and of Lemma 1.2.2.
Nice Elements
Let s be a semisimple element of G UT F * . The centralizer of s in G UT is connected and is a Levi subgroup of a parabolic subgroup of G UT . The
Ž . image of C s by the morphism
UT is denoted by A s . Then the G -conjugacy class of s is stable under U Ž . 
Ž .
The Group G s
Until the end of this section, we fix a nice semisimple element s in 
That is why the Lusztig functor is denoted without reference to the Ž parabolic subgroup the notion of a Lusztig functor for disconnected w x reductive groups has been defined in DM2 , and slightly generalized for w x. the purpose of this article in B .
Proof of Lemma 1.5.1. To simplify notation, we can assume that A s
It follows from DM2, Corollary 2.4 that the restriction of ␥ to G is F E E G , s . So we need only prove that ␥ is a character of G . Ž . Ž . Ž . Let P s be a parabolic subgroup of G s that has G s as Levi subgroup, and let U be its unipotent radical. We define
Ž . 
T F affords ␥ as virtual character. We have similar results for G . Wẽ denote by V T the restriction of V to G T F . w Ž .x By DM1, Theorem 13.25 i there exists j in ‫ގ‬ such that
Ž w x is irreducible in DM1 , the statement and the proof of Theorem 13.25 are not entirely correct; a precise value for j is given, and it is not clear that this value is correct. However, the existence of j satisfying the above . conditions has been established in a revised version of their book . More-Ž . j w x T T over, y1 s . But by DM2, Proof of Proposition 2.3 we have
Since V is a direct summand of the G s -module Ind V , it follows
if i / j and that ␥ is the character of the modulẽ
-conjugacy class of s and hence is contained in A* s . By duality
is an irreducible character of G i A ␥ , and Ind ␥ m is
an irreducible character of G where is lifted to G i A ␥ in the . natural way . Moreover,
T . tion of ␥ to G . Let ␥ be the canonical extension of ␥ to G i A ␥ defined in Definition 1.6.3. Then by Clifford theory there exists a unique
Let ␥ s be the unipotent character of G s satisfying 1.6.1 , and let Ž .
T
Ž . F is an irreducible character of G s and is unipotent by definition. It w x follows from B, Propositions 6.3.2 and 6.3.3 that
Remark. The remark following Lemma 1.5.1 shows that the Lusztig functor R G does not depend on the choice of a parabolic subgroup of G GŽ s.
Ž . that has G s as Levi subgroup.
Ž . THEOREM 1.7.2 Jordan Decomposition . With the abo¨e notation the map
Ž . is well-defined and bijecti¨e. The in¨erse map is gi¨en by Formula 1.7.1 .
Proof. First we have to prove that ٌ is well defined. There is one G, s Ž . ambiguity in the construction of ␥ s : in the first step, we chose an
Ž . Ž . Ž . Ž . ␦ s , and ␦ s in the same way as ␥ s , ␥ s , and ␥ s , respectively, theñ
. ٌ is injective by Formula 1.7.1 and surjective by Lemma 1.5.1, which
. proves that Formula 1.7.1 always defines an element of E E G , s .
UNIFORM FUNCTIONS w x
F
In B, Formula 7.3.1 and Theorem 7.3.2 the unipotent characters of G are described as linear combinations of generalized Deligne᎐Lusztig char-Ž . acters. It is possible using Formula 1.7.1 to describe all of the irreducible characters of G F as linear combinations of generalized Deligne᎐Lusztig characters.
Notation
Let s be a nice semisimple element of G 
T Ž . For each ␣ g A s , we define T s, ␣ to be the semidirect product
that is, the subgroup of W s 
is bijecti¨e. 
is bijecti¨e.
Lemmas 2.4.2 and 2.4.3 imply the following:
THEOREM 2.4.4. There is a well-defined bijection
G Ž . Remark. If necessary, we will write R s for the irreducible character Ž . Ž .
and it is easy to check that the following diagram is commutative:
LUSZTIG FUNCTORS
HYPOTHESIS. Throughout this section, and only in this section, A will be assumed abelian.
Notation
Let L be an F-stable Levi subgroup of a parabolic subgroup P of G. Let A be the image of L through the composite morphism
Jordan Decomposition and Lusztig Functors
Let s be a semisimple element in L UT F * . We may assume that s is nice 
We denote by the automorphism of G This implies that can be extended to an isomorphism denoted bỹ well-defined and is bijective. We denote it by
Ž . Ž . We recall the following theorem:
Shintani Descent and Characters of G F
We denote by * and * the isomorphisms of ‫ޑ‬ -vector spaces:
